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Topic 3- First order&linear ODEs

We will give a method

to solve

y + a(x)y = b(x)

on any
interval I

&Where a(x) ,
b(x) Ebx

are continuous. a(x) = 2x

Since alx is Etad
continuous we can

find an antiderivative #d
A(x) = Sa(x)dx #Six

So
,

N(x) = a(X)
I



Multiply y'ta(xly = b(x)

by eA(X) to yet :

A(x) I
A(x eAa(x)y = b(x)e #
-

Ty + 2xy = X

(e
+ (X)

. y) e
*
y+ 2xe

*y = xex
-

We get ↓

(e
*!y)= b(x)e

**Ey= xe
*

Integrate both bit
sides with respect

to x to get :

**y
= (b(x)eAmdx



Solve for y : ↓
y = [ A()(b(x)e

*
dx

Since you canreverse the

above steps ex
this is the

soluti



--

Ex :

Joltuxy =
x3

on I = ( +,
x)

We want to solve
-
x

y + 2xy = Xe

Lintegrate this-A(x) = S2xdx = x

Multiply the UDL by



eA(x)= ex to get :

2
- x22 X

XI

ey + e

*
(2x)y = e . x . e

-
always (g

*(x! y)/
This becomes :

- x2

(ex. y)'=xe

ext-x]xx O

= C

= I

So we get

(e* y) = X

Integrate both sides with

respect to X to get



e
*

y = (xdx
We get

2

e
. y = Ex + C

2

Divide by et or multiply

by ex to get

xe*+ C
*

wer



EX: Let's solve

Y'+x)y =
sin(x)cos(x)

-integrate
on I = (- x,

d) &this

[x(x)= (cos(x)dx = sin(x)

Multiply the ODE by
A sin

to get :

gin(x)Sin(x uxy = esin sin(x)cos(x)

-
always I

(e
*(x!

. y)



We get :

I Sin(x)

(gsin(x)y) = e sin (x)cs(x)

Integrate both sides with

respect to X to get

sin(x)
e . y = Jesinix/ sin(x)cos(x)dX

Jesinlx'sin(x)cos(x) d

FJdt = cos(X)dX

u = t du = dt

I
LIATEF[dr = edt v = et



↓d= ur-Sudu

I = tet - et + C
I

[im(x(esin(x) -esin(x) + c

Thus ,

sin(x)

e · y = Sin(x)esin(x]sin(x)+ C

sin(x)
Divide by e or multiply

by -sin(x) to get :

iny=sinki
+ Cesink

We get ;



in(x)- 1 + Cesin(x)
↑wer

I= (-x
,
%)

-

Ex: Solve

S

xy + y
= 3x+ 1

on I = (0,
1) F

doesn't Work
The technique
with the X in front of y

Divide the ODE by X
to get



y + ky = 3x+
~
integrate

Let

A(x) = Sidx = (n(x)

I In (x)

L I = (0, % (ESo
, X> 0

We get

this

D &Multiply the ODE by
In (z)

= z(n(x)
= X

e

gA(x) = e ~ Fig z0

xy+ y
= 3x+

-
always is



(e
+(X)

. y)/
This becomes :

(xy)= 3x+ 1

Integrate with respect to X

toyet

xy
= f(3x + 11dx

We get

xy =x* + x + 2

Divide by X to get

y
=cx+ 1 +

Selsto Tt/



xy + y = 3x + 1

on I= (0
,

0)

are of the form E↳
-

·iy(1) = 2

on I = (0,
1)

We already know that

y =x+ + 57



is the general solution to

dxy+ y
= 3x3 + 1 .

Let's make y (1) = 2.

We need

++ 5 = 2

Y()

We get E + C = 2

So, c = 2 - E=

x+ 1 +Answer :


